Abstract. Motivated by biological questions, we study configurations of equal spheres that neither pack nor 3 cover. Placing their centers on a lattice, we define the soft density of the configuration by penalizing multiple 4 overlaps. Considering the 1-parameter family of diagonally distorted 3-dimensional integer lattices, we show that 5 the soft density is maximized at the FCC lattice. 6
is compartmentalized into sequences of highly interacting segments of about the same length 12 [9] . Each segment consists of roughly a million base pairs and is rolled up to resemble a 13 round ball. The balls are tightly arranged within the available space, tighter than a packing 14 since the balls deform when pressed against each other, and less tight than a covering so that 15 protein machines can find access to the DNA needed for gene expression. 16 Motivated by the mentioned biological findings, [18] considers configurations of spheres 17 in which the overlap is limited by a parameter, and the quality of the configuration is mea-18 sured by its density, which is the expected number of balls that contain a randomly selected 19 point. Writing ϕ i for the probability that a randomly selected point lies in at least i balls, 20 the density is δ = i≥1 ϕ i . Computational experiments reported in the same paper show 21 that for small values of the parameter, the highest density is attained for the FCC lattice, and 22 that for large values, the highest density is attained for the BCC lattice. These experiments 23 are limited to a 1-parameter family of lattices -the same considered in this paper -and it 24 is remarkable that there is a sharp transition, with none of the other lattices challenging the 25 dominance of FCC and BCC. A similar setting was considered in [2] but for different reasons. 26 To study the packing of balls, the authors give upper bounds on the volume of the union in 27 which every ball is thickened by a parameter. Equivalently, the (thickened) balls are packed 28 softly, allowing for a limited overlap controlled by the parameter. The bounds are proved 29 for packings in R n and are not limited to lattices. Soft packing is also the natural setting for configuration by the probability of a randomly selected point to belong to exactly one ball.
36
In R 2 , this measure attains its maximum for the hexagonal grid [1, 11] , and even non-lattice 37 configurations cannot increase the measure [4] . 38 The interested reader can find a wealth of further information and references on packing 39 and covering in [6, 17] . To avoid ambiguity, we mention that in the mathematical literature, 40 a packing refers to a configuration of balls (hard spheres) with disjoint interiors, while a 41 covering is one in which the balls cover the entire space without gaps. The traditional measure of quality is the density as defined above. 43 In this paper, we restrict our attention to equal balls centered at points of a lattice. parting from [2, 18] and also [11] , we introduce the soft density, δ 1 = ϕ 1 − i≥2 ϕ i , which 45 penalizes for gaps in the coverage but also for overlaps among the balls. Following [12], we 46 focus on the 1-parameter diagonal family of lattices obtained by compressing or stretching 47 the integer lattice along the diagonal direction. We use the unimodality of the measure to 48 prove the following optimality result in R 3 :
49 THEOREM 1 (Main Result). Among the lattices in the diagonal family in R 3 , the FCC 50 lattice with balls of radius 1.090 . . . times the packing radius maximizes the soft density at 51 δ 1 = 0.844 . . ..
52
The proof of Theorem 1 is a detailed study of all lattices in the diagonal family, giving analytic 53 expressions for the maximum soft density over distortion intervals that cover the entire family.
54
Crucial ingredients to the proof are the use of Brillouin zones, a new result about their long 55 range behavior in lattices, and the unimodality of the soft density.
56
Outline. Section 2 discusses lattice configurations, generalized Voronoi domains, and 57 Brillouin zones. Section 3 introduces the soft density measures and shows that their restric-58 tions to fixed lattices are unimodal. Section 4 presents the case analysis that proves Theorem 59
1. Section 5 concludes the paper. 60 2. Lattice Configurations. In R n , we need n linearly independent vectors to define a 61 lattice, which consists of all integer combinations: 62 Λ(a 1 , a 2 , . . . , a n ) = {p = Note that 0 is a point in Λ = Λ(a 1 , a 2 , . . . , a n ), and that the neighborhood of every lattice 65 point looks like the neighborhood of every other lattice point. We will therefore focus on 0 66 and its neighborhood. main of 0 as the set of points x ∈ R n for which 0 is among the i nearest lattice points, 75 denoting this domain by V i (0). We write V(0) = V 1 (0) for the ordinary Voronoi domain.
76
There are at least two rather different ways to construct these domains; see Figure 1 for 77 an illustration of the first. Recall that the perpendicular bisector of p = q is the hyperplane of 78 points at equal distance from both: x − p = x − q . Drawing all perpendicular bisectors 79 defined by 0 and p ∈ Λ \ {0}, we get an arrangement of countably many hyperplanes in 80 R n . The hyperplanes decompose R n into chambers, which are maximal closed sets so that 81 no two points lie on opposite sides of any of the hyperplanes. For example V(0) is the unique 82 chamber that contains 0. Every other chamber is separated from 0 by at least one hyperplane, 83 and V i (0) is the union of all chambers separated from 0 by at most i − 1 hyperplanes.
84
The generalized Voronoi domains are not necessarily convex, but they satisfy a related 85 weaker condition. A set A ⊆ R n is star-convex if there exists a point a ∈ A such that for 86 every x ∈ A the entire line segment connecting a to x is contained in A. The kernel of A is 87 the set of such points a, which is a subset of A. which implies that 0 belongs to the interior of the kernel, as claimed.
98
It is often convenient to consider the difference between two contiguous domains rather 99 than individual domains. Following the French physicist Léin Brillouin [5] , we therefore 100 define Z i (0) as the closure of V i (0) \ V i−1 (0), calling it the i-th Brillouin zone centered at 0.
101
Setting V 0 (0) = ∅, the first zone is Z 1 (0) = V(0). 
121 122 for all p, q ∈ Λ and all i ≥ 1. To extend this relation to Brillouin zones with different indices, 123 we consider the closed ball with radius R > 0 centered at the origin, denoted B(0, R).
124
Counting the lattice points in the ball with m(R) = card (B(0, R) ∩ Λ), we write Ω i (R) 125 for the union of the i-th zones centered at these m(R) points. Letting w i be the maximum 126 distance of a point x ∈ Z i (0) from 0, we note that the symmetric difference between B(0, R)
127
and Ω i (R) is contained inside the annulus of points at distance at most w i on either side 128 of the sphere that bounds B(0, R). With increasing R, the volume of this annulus grows 129 asymptotically slower than the volume of the ball. Hence,
The right-hand side converges to a finite value that is independent of i. It follows that the 133 measure of any i-th zone is the same as the measure of any j-th zone. The claimed relation 
180
To prove that the restriction is injective, let p i , p i ∈ Λ be the i-th lattice points from To prove that f i is surjective, we start with a point y in Z 
To assess the relative size of these sets, 206 we let ϕ i be the probability that a randomly selected point in R n is contained in at least i of 207 the balls. More formally, 
217
LEMMA 5 (Probability). For each i ≥ 1, the probability that a randomly selected point 218 in R n belongs to at least i balls in B is The probability that a randomly selected point is covered by at least two disks is the normalized area of the intersection between the disk centered at 0 and the 2-nd Brillouin zone of 0. Indeed, we can move the pieces of this intersection back into the first Voronoi domain so that they decompose the portion covered by at least two disks, the one centered at 0 and the other centered at a neighboring lattice point.
Measures of Density. Given a lattice configuration of balls, the classic notion of 232
density is the expected number of balls that contain a randomly selected point: 
We have δ 1 ≤ δ 2 ≤ . . . ≤ δ, and δ j = δ iff the configuration does not have any j + 1 245 overlapping balls.
246
From the point of view of the applications motivating the work described in this paper, 247 the most interesting soft density is the first:
configurations of balls with only minor overlap. Nonetheless, there are lattices for which the 249 configuration that maximizes the 1-st soft density has triplets of overlapping balls. To avoid 250 the complications caused by triple intersections, we introduce the 1-st simplified soft density: This manuscript is for review purposes only.
noting that δ 1s ≤ δ 1 agree on the first two terms and differ only in the weight given to overlaps 254 of three or more balls. We will see shortly that δ 1s is easier to compute than δ 1 .
255
Density in terms of volume. Recall that (9) writes the classic notion of density as the 256 normalized volume of a ball. We generalize this relation to soft densities, unsimplified and 257 simplified.
258
LEMMA 6 (Soft Density). Let j ≥ 1. The j-th soft density and the 1-st simplified soft 259 density of the configuration of balls defined by a lattice Λ and a radius r are
PROOF. We first prove the relation for the unsimplified soft densities. Writing the two nor-264 malized volumes on the right-hand side of (12) in terms of probabilities, we get
Taking the first sum twice and subtracting the second sum, we match the definition of the j-th 
for all choices of i ≥ 1 and k ≥ 0. Recall now that for every point x ∈ Z i (0), the origin is 283 the i-th lattice point from x. For 1 ≤ i ≤ k, 0 is among the first k lattice points. Hence, if x 284 is contained in k or more balls, then it is also contained in B(0, r). 
Simple rearrangements lead to the right-hand side, which matches the definition of the 1-st 293 simplified density in (11). 294 3.2. Derivatives. In this subsection, we fix the lattice but vary the radius. It is therefore 295 convenient to write B(r) = B(Λ, r), δ j (r) = δ j (Λ, r), etc. We are interested in the radius at 296 which a soft density attains its maximum.
297
Derivative of probability. Since all density measures in this paper are linear combina-298 tions of probabilities, we focus on the functions ϕ i : R + → R. Remembering that ϕ i (r) is 299 the normalized volume of B(0, r) ∩ Z i (0), we introduce radii r i < R i such that this intersec-300 tion is empty iff r < r i and equal to Z i (0) iff R i ≤ r. Specifically, r i is the supremum of 301 the radii for which every ball contains fewer than i lattice points, and R i is the supremum of 302 the radii for which there exists a center such that the ball contains fewer than i lattice points. 
for the derivative of the probability that a randomly selected point lies in at least i balls.
311
Derivative of soft density. Recall the definition of the soft density in (10) and that of the 312 simplified soft density in (11). Accordingly, their derivatives are
315 316 for every integer j ≥ 1 and every r ∈ R + . These derivatives can also be written in terms of 317 areas. 318 LEMMA 7 (Soft Density Derivative). Let j ≥ 1. The derivatives of the j-th soft density 319 and of the 1-st simplified soft density of the configuration defined by a lattice Λ ∈ R n and a 320 radius r > 0 are
PROOF. Using (20), we write both sums on the right-hand side of (21) as telescoping sums. 325 Almost all terms cancel, and we get directly. We prefer the latter, geometric argument to prove (24). Indeed, the first term on 331 the right-hand side of (24) is the derivative of the first term on the right-hand side of (13). 332 Similarly, each term in the sum of (24) The two spherical caps on the right-hand side have the same area, so the sum of the areas is 337 twice the area of the first cap. This segment crosses the zero-line exactly once, at the equilibrium radius, which we denote 
350
Recall that a real-valued function is unimodal if it increases until it attains its maximum, 351 after which it decreases. More formally, we call a differentiable function f : Unimodality. The j-th soft density is unimodal with equilibrium radius j nonetheless, 360 but this requires a proof.
361
LEMMA 8 (Unimodality). Let Λ be a lattice in R n . For each j ≥ 1, the j-th soft density 362 function of Λ is unimodal, and it attains its maximum at the equilibrium radius of Λ, which 363 satisfies r j < j < R j . for the fraction and consider radii r j ≤ r < R ≤ R j . Associate each point x ∈ ∂B(0, r) with 369 the point y = R r x ∈ ∂B(0, R). Since V j (0) is star-convex, with 0 in its kernel, y ∈ S j (R) 370 implies x ∈ S j (r). Hence, F (R) ≤ F (r). To see that the inequality is strict, we use the fact 371 that 0 lies in the interior of the kernel of V j (0). We can therefore find a non-empty open arc 372 in S j (r) such that none of the associated points in ∂B(0, R) belong to S j (R). This implies 373 F (R) < F (r). The difference between the normalized areas inside and outside 375 376 This difference has the same sign as 2F (r) − 1. Hence,
It follows that δ j is unimodal and that it attains its maximum at r = j . We have r j < j < 380 R j because 2F (r j ) − 1 = 1 and 2F (R j ) − 1 = −1. 381 REMARK 1. It is not difficult to adapt the proof of Lemma 8 to show that the following 382 parametrized version of the soft density is also unimodal: 1, and the sum becomes strictly increasing. Hence, there is a unique radius at which the 391 difference vanishes. This is the radius at which δ 1s attains its maximum.
392
Counterexamples to unimodality. We have chosen our measures of density carefully so 393 that they be unimodal. Many other choices are not unimodal, and some surprisingly so. Con-394 sider for example π i : R + → R defined by mapping r to the probability a randomly selected The packing radius is half the minimum distance between the points, which is r = Since there are no triple intersections, this is also the 1-st simplified soft density: δ 1 = δ 1s .
449
By comparison, the 1-st soft density of the BCC lattice is 0.832 . . .. for 1 ≤ i ≤ 3, and we let Λ ε be the lattice generated by these vectors. Note that u i (ε), 1 = already been determined in [18] . With reference to Figure 6 , they are: corresponding to the 6 square-like hexagons, the 6 rectangles, the 2 small hexagons, the 18 480 long edges, the 18 short edges, and the 24 vertices of the polytope on the left in Figure 6 . 481 Similarly for 1 < ε < ∞, we have six critical radii: 488 489 corresponding to the 6 square-like rhombi, the 6 narrow rhombi, the 6 short edges, the 18 490 long edges, the 8 degree-3 vertices, and 6 degree-4 vertices of the polytope on the right in 491 Figure 6 . See Appendix A.1 for details.
492
Soft density at equilibrium. Given a lattice Λ ε in the diagonal family, we write δ 1 (ε) = 493 max r>0 δ 1 (Λ ε , r) for the maximum soft density, and δ 1s (ε) = max r>0 δ 1s (Λ ε , r) for the 494 maximum simplified soft density. As argued in the preceding sections, the maxima are ob-495 tained for the respective equilibrium radii. To compute the maximum soft density of every 496 lattice Λ ε , we divide R + into 12 intervals such that within every interval the expressions and 497 This manuscript is for review purposes only. the order of the critical and equilibrium radii are constant. Table 1 summarizes the pertinent   498 information for all 12 intervals. Note that in Cases I to IX, the equilibrium radius precedes the Case Critical and Equilibrium Radii Interval cases, the soft density equals the simplified soft density: δ 1 (ε) = δ 1s (ε). Indeed, we do all 502 computations for the simplified soft density, which by construction considers only pairwise 503 intersections, and we will find that the FCC lattice maximizes this measure. The equilibrium 504 configuration has triple intersections only for lattices with values of ε larger than that of the 505 FCC lattice, and to prove that the FCC lattice also maximizes the unsimplified soft density, 506 we will finally bound the soft density of these equilibrium configurations from above. To do 507 the computations for the simplified density, we determine the number and type of the spheri-508 cal caps, and we determine the equilibrium radius, = 1 , at which these caps amount to half 509 the surface area. Note that the number and type of the caps is the same in Cases II and III, in 510 Cases IV to VII, and -because we ignore triple overlaps for the time being -in Cases VIII 511 to XI. The twelve cases thus consolidate to five, which we discuss in sequence.
512
Case I. Here we have 2 caps, both with critical radius f 3 (ε). At the equilibrium radius, each 513 of the caps covers one quarter of the sphere. Accordingly, the equilibrium radius and the soft 514 density are
The derivative of δ 1 is positive in the entire interval, as can be seen in Figure 7 . 519 Cases II and III. Here we have 8 caps, 2 with critical radius f 3 (ε) and 6 with critical radius 520 f 1 (ε). At the equilibrium, these caps cover half the sphere. The equilibrium radius and the 521 corresponding soft density are
524 525 Fig. 7: The graph of the maximum simplified soft density, δ1s, as a function of ε, which parametrizes the lattices in the diagonal family. From 0 to 2.342 . . ., this is identical to the graph of the maximum soft density, δ1.
The derivative vanishes at ε = The derivative of δ 1s is negative throughout the interval.
552
The above case analysis is summarized in Figure 7 , which shows the maximum simplified for all ε > ε 0 (r). Similarly, the equilibrium radius remains constant beyond this threshold, 581 and the maximum soft density satisfies δ 1 (ε) = C/ε, in which C = C( (ε)) for large enough 582 ε. Since we define the constant for the unsimplified soft density, it is slightly larger than it but now for all ε > 0. Similarly δ 1x (ε) = C/ε is the maximum extrapolated soft density. Majorization. It remains to prove that the maximum extrapolated soft density majorizes 594 the maximum soft density, which in turn majorizes the maximum simplified soft density. 595 LEMMA 9 (Majorization). We have
for all ε > 0.
599
PROOF. We first prove the left inequality. Recall from (10) and (11) that for a given lattice 600 and a given radius, we have 601
This implies δ 1s (Λ, r) ≤ δ 1 (Λ, r) for all lattices and all radii. To extend this inequality to 605 the corresponding maxima, we write 1s for the equilibrium radius of Λ ε under the simplified 606 soft density. Then (74) 608 609 in which the last inequality follows by definition of δ 1 (ε) as the maximum soft density of Λ ε . We second prove the right inequality. For a given lattice, Λ ε , and a given radius, r, we 611 have δ 1 (Λ ε , r) ≤ δ 1x (Λ ε , r), simply because the latter accounts for a subset of the balls that 612 enter the computation of the soft density. Let now 1 = 1 (ε) be the equilibrium radius of 613 Λ ε under the soft density. Then Indeed, unimodality holds for all j ≥ 1 and all dimensions n ≥ 1.
626
Optimal lattices. A difficult question is the determination of the lattices that maximize 627 the j-th soft density. For j = 1 and n = 2 dimensions, the optimal configuration has been 628 determined in [1] , but for j ≥ 2, we do not have a proof that the hexagonal lattice provides 
632
• Does the FCC lattice give the maximum 1-st soft density among all lattices in R 3 ?
633
• What about values of j larger than 1 and dimensions n larger than 3?
634
• Does the FCC lattice maximize the probability that a random point belong to exactly Non-lattice configurations. The notion of soft density can be extended to non-lattice 640 configurations of balls: within a region Ω ⊆ R n , we compute the probability, ϕ i , that a 641 randomly selected point belongs to at least i balls, we set δ j = ϕ 1 + . . . + ϕ j − ϕ j+1 − . . .,
642
we increase Ω, and we finally take the limit. Fixing the centers and growing the balls, we get 643 again a function of the radius, but it is not necessarily unimodal. Indeed, we can define the 644 generalized Voronoi domains of a point p in the configuration as before. Extending Lemma 6 645 and using the star-convexity of the V j (p), we can show that the difference between the volume 646 of B(p, r) inside and outside V j (p) is a unimodal function of r. However, the sum of these 647 unimodal functions over different points in the configuration is not necessarily unimodal.
648
This lack of global unimodality is likely to make progress on soft packing for non-lattice 649 configurations difficult to come by.
650
Appendix A. Case Analysis.
651
In this appendix, we present the computations needed to determine the maximum soft 652 density as a function of ε, which parametrizes the lattices in the diagonal family. We begin 6. For ε ≥ 1, f 1 corresponds to the 6 square-like rhombi normal to the ±u i (ε), f 4 to the 663 6 narrow rhombi normal to the u i (ε) − u j (ε), e 3 to the 6 short edges parallel to the vectors
e 4 to the 18 long edges parallel to the vectors u i (ε) × u j (ε), v 2 to the 8 degree-3 vertices, and 666 the covering radius, v 3 , corresponding to the 6 degree-4 vertices of the polytope on the right 667 in Figure 6 , for i, j ∈ {1, 2, 3}. Table 2 : The right column gives the centers of the spheres that define the corresponding critical radius, namely the minimum radius at which these spheres have a non-empty common intersection.
668
After ordering the critical radii, we are left with seven sequences, which we show in 669 Table 3 . over an interval of values ε, we find the equilibrium radius by searching in this sequence. At 672 any one step, we consider a particular critical radius, and we compute the area of the sphere 673 covered by the corresponding caps. If this is more than half of the sphere, then the search 674 continues on the left, and if it is less than half, then the search continues on the right. It is 675 also possible that it switches from more to less than half within the interval, in which case we 676 divide the interval and search in the subintervals independently.
677
First sequence. Referring to the first two rows in Table 1 , we note that for 0 < ε ≤ 0.5, 678 the sorted sequence of critical radii is f 3 (ε) ≤ f 1 (ε) ≤ f 2 (ε) ≤ e 2 (ε) ≤ e 1 (ε) ≤ v 1 (ε).
679
Recall that the first critical radius is the packing radius and thus precedes the equilibrium 680 radius in all cases. We begin the search by testing the second critical radius. At radius f 1 (ε), 681 the ball intersects two facets of the Voronoi domain, both at distance f 3 (ε) from the origin. 682 We therefore get 2 caps, and using (44) and (46), we get their height and area as 683
The corresponding area defect is a normalized version of (24) Table 1 . In Case I, 694 the equilibrium radius lies between the first two critical radii and the search is complete. In
695
Case II, the equilibrium radius lies to the right of the second critical radius, and we continue 696 the search by evaluating the area defect at the third critical radius, f 2 (ε). At this size, the 697 ball intersects 6 additional facets of the Voronoi domain, all at distance f 1 (ε) from the origin.
698
We thus deal with two types of caps and index their heights and areas by the subscript of the 699 corresponding critical radius:
The corresponding area defect is radii is f 1 (ε) ≤ f 3 (ε) ≤ f 2 (ε) ≤ e 1 (ε) ≤ e 2 (ε) ≤ v 1 (ε). As before, we begin the search at 714 the second critical radius. The corresponding ball intersects 6 Voronoi facets, all at distance 715 f 1 (ε) from the origin. Using (44) and (46), we get the height, cap area, and area defect as formulas for the height, cap area, and area defect are the same as (79) to (83). Again, the 727 area defect is negative, which implies that the equilibrium radius is between f 3 (ε) and f 2 (ε); 728 compare with Table 1 .
729
Third sequence. For 0.632 . . . ≤ ε ≤ 19 − 3 √ 33/2 = 0.664 . . ., the sorted sequence Table 1 .
740
Fourth sequence. For 0.664 . . . ≤ ε ≤ 1, the sorted sequence of critical radii is
Beginning the search at f 2 (ε), we get the same 742 formulas for the height, cap area, and area defect as in (87) Table 1 .
745
Fifth sequence. For 1 ≤ ε ≤ 2, the sorted sequence of critical radii is
Beginning the search at f 4 (ε), the ball intersects 6 Voronoi 747 facets, all at distance f 1 (ε) from the origin. Using (50) and (51), we get
751 752
for the height, cap area, and area defect. The latter is negative for ε < 13/6 = 1.471 . . .
753
and positive for values of ε larger than this bound; see Figure 9 , 
It is negative over the entire interval; see Figure 9 , right graph in middle row. It follows that in 768 Case VIII, the equilibrium radius lies between the second and the third critical radii; compare 769 with 
Beginning the search at f 1 (ε), the ball 772 intersects 6 Voronoi facets, all at distance f 4 (ε) from the origin. Using (50) and (51), we get 
The latter is negative for ε < 278 − 132 √ 3/3 = 2.342 . . . and positive for values of ε 790 larger than this bound; see Figure 9 , middle graph in bottom row. We thus divide the con- 
The area defect is negative for all ε > 0, which covers the interval of interest; see Figure 9 , 807 right graph in bottom row. It follows that in Case X, the equilibrium radius lies between e 3 (ε) 808 and e 4 (ε); compare with Table 1. 809 Last sequence. For 2.449 . . . ≤ ε < ∞, the sorted sequence of critical radii is f 4 (ε) ≤ 810 e 3 (ε) ≤ f 1 (ε) ≤ e 4 (ε) ≤ v 2 (ε) ≤ v 3 (ε). Beginning the search at e 3 (ε), the ball intersects 6
811
Voronoi facets, all at distance f 4 (ε) from the origin. Using (51) and (52), we get 812 h(ε) = e 3 (ε) − f 4 (ε) = for the height, cap area, and area defect. The latter is positive over the entire interval. We 817 thus continue the search at f 1 (ε). Ignoring overlaps by considering the simplified soft den-818 sity, we get the same formulas as in (98) parameter ε and thus gives the graph displayed in Figure 7 . We consider Cases I to XII in 831 turn but consolidate the twelve cases to five.
832
Case I. Referring to Table 1 , we recall that for all ε ∈ (0, 0.239 . . .], the equilibrium 833 radius lies between the first two critical radii: f 3 (ε) ≤ (ε) ≤ f 1 (ε). We get an equation for 
884
Cases VIII to XI. Referring to Table 1 , we note that for ε ∈ [1.471 . . . , 2.576 . . .] the ball 885 with equilibrium radius intersects all 12 Voronoi facets: f 1 (ε), f 4 (ε) ≤ (ε). In Cases X and 886 XI, there are overlaps among the corresponding caps, but we ignore them for the time being 887 by considering the simplified soft density. We reuse (121) and compute the height and area Case XII. Referring to Table 1 , we note that for ε ∈ [2.576 . . . , ∞) the ball with equi- 
